
9Xe aT�M- +QHmKM bT�+2- `Qr bT�+2- �M/ KBMBK�H bT�MMBM; b2iX

yX �bbmK2/ #�+F;`QmM/X

Ç q?�i2p2` ?�b #22M +Qp2`2/ BM hQTB+b R@j- 2bT2+B�HHv,ě
∗ RX3 _Qr QT2`�iBQMb �M/ K�i`Bt KmHiBTHB+�iBQMX
∗ kXk _Qr@2+?2HQM 7Q`Kb �M/ `2/m+2/ `Qr@2+?2HQM 7Q`KbX
∗ kXj 1tBbi2M+2 Q7 `2/m+2/ `Qr@2+?2HQM 7Q`K `Qr@2[mBp�H2Mi iQ ;Bp2M K�i`Bt- U�M/ i?2 mMB[m2M2bb [m2biBQMVX
∗ jX9 _Qr@2[mBp�H2M+2 7`QK i?2 TQBMi Q7 pB2r Q7 BMp2`iB#H2 K�i`B+2bX

Ç 9Xk a2i 2[m�HBiv U7Q` b2ib Q7 K�i`B+2b �M/ b2ib Q7 p2+iQ`bVX
Ç 9Xj am#bT�+2b Q7 +QHmKM p2+iQ`bX
Ç 9X9 "�bBb 7Q` bm#bT�+2b Q7 +QHmKM p2+iQ`bX
Ç 9X8 .BK2MbBQM 7Q` bm#bT�+2b Q7 +QHmKM p2+iQ`bX

�#bi`�+iX q2 BMi`Q/m+2,ě
Ç � i?2Q`2iB+�H `2bmHi i?�i BM7Q`Kb mb QM ?Qr iQ /2i2`KBM2 i?2 /BK2MbBQM Q7 i?2 bT�M Q7 �M �`#Bi`�`BHv ;Bp2M

+QHH2+iBQM Q7 U}MBi2Hv K�MvV +QHmKM p2+iQ`b rBi? n `2�H 2Mi`B2b- �M/ ?Qr iQ Q#i�BM � #�bBb 7Q` bm+? � bm#bT�+2
Q7 Rn r?B+? Bb �HbQ � ǵKBMBK�H bT�MMBM; b2iǶ 2ti`�+i2/ 7`QK i?2 ;Bp2M +QHH2+iBQM Q7 +QHmKM p2+iQ`b- �HQM;bB/2
�M �++QKT�MvBM; ǵ�H;Q`Bi?KǶ-

Ç i?2 MQiBQMb Q7 +QHmKM bT�+2- `Qr bT�+2- +QHmKM `�MF- `Qr `�MF 7Q` �M �`#Bi`�`BHv ;Bp2M K�i`Bt-
Ç � i?2Q`2iB+�H `2bmHi r?B+? BM7Q`Kb mb i?�i i?2 +QHmKM `�MF- i?2 `Qr `�MF- �M/ i?2 `�MF Q7 �M �`#Bi`�`BHv ;Bp2M

K�i`Bt �`2 2[m�H iQ 2�+? Qi?2`X

AM i?2 �TT2M/Bt- r2 T`QpB/2 i?2 T`QQ7b Q7 i?2 i?2Q`2iB+�H `2bmHib i?�i r2 �`2 ;QBM; iQ bi�i2X

RX _2+�HH i?2 `2bmHi #2HQr- �#Qmi #�bBb �M/ /BK2MbBQM 7Q` bT�M Q7 +QHmKM p2+iQ`b,ě
h?2Q`2K U!VX
G2i u1,u2, · · · ,uq ∈ RnX
amTTQb2 u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
h?2M,ě

U�V i?2 BM2[m�HBiv q ≤ n ?QH/b- �M/
U#V aT�M({u1,u2, · · · ,uq}) Bb � q@/BK2MbBQM�H bm#bT�+2 Q7 Rn Qp2` i?2 `2�Hb- rBi? � #�bBb Qp2` i?2 `2�Hb +QMbiBimi2/

#v u1,u2, · · · ,uqX

kX :Bp2M i?�i r2 �HbQ i�HF �#Qmi bT�Mb Q7 MQi M2+2bb�`BHv HBM2�`Hv BM/2T2M/2Mi +QHmKM p2+iQ`b- h?2Q`2K U!V KQiBp�i2b
i?2 [m2biBQM #2HQr,ě
Zm2biBQM URVX
q?�i +�M r2 b�v r?2M i?2 �bbmKTiBQM

ǵu1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2MiǶ

BM i?2 bi�i2K2Mi Q7 h?2Q`2K (!) ?�b #22M ǵ/`QTT2/Ƕ\ >Qr i?2M iQ /2i2`KBM2 � #�bBb �M/ Ui?mbV /2i2`KBM2 i?2
/BK2MbBQM Q7 aT�M({u1,u2, · · · ,uq})\

jX �M �Mbr2` iQ Zm2biBQM URV Bb ?BMi2/ #v i?2 `2bmHi #2HQr- r?B+? ?�b #22M 2bi�#HBb?2/ 2�`HB2`,ě
h?2Q`2K U!!VX
amTTQb2 v1,v2, · · · ,vr,y1,y2, · · · ,ys ∈ RnX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

URV 1�+? Q7 y1,y2, · · · ,ys Bb � HBM2�` +QK#BM�iBQM Q7 v1,v2, · · · ,vr Qp2` i?2 `2�HbX
UkV aT�M({v1,v2, · · · ,vr,y1,y2, · · · ,ys}) = aT�M({v1,v2, · · · ,vr})X

9X �Mbr2` iQ Zm2biBQM URVX
*QK#BMBM; h?2Q`2K U!V �M/ h?2Q`2K U!!V- r2 FMQr i?2 7QHHQrBM;,ě
:Bp2M q +QHmKM p2+iQ`b u1,u2, · · · ,uq r?B+? �`2 MQi M2+2bb�`BHv HBM2�`Hv BM/2T2M/2Mi BM i?2 }`bi TH�+2- B7 r2 FMQr
i?�i

Ç r Q7 i?2K- b�v- u1,u2, · · · ,ur- �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�Hb- �M/

R



Ç i?2 `2K�BMBM; +QHmKM p2+iQ`b- r?B+? �`2 ur+1,ur+2, · · · ,uq �`2 HBM2�` +QK#BM�iBQMb Q7 u1,u2, · · · ,ur-

i?2M r2 K�v �TTHv h?2Q`2K (!!) iQ +QM+Hm/2 i?�i

U�V aT�M({u1,u2, · · · ,uq}) = aT�M({u1,u2, · · · ,ur})-

�M/ 7m`i?2` �TTHv h?2Q`2K (!) iQ +QM+Hm/2 i?�i

U#V aT�M({u1,u2, · · · ,uq}) Bb �M r@/BK2MbBQM�H bm#bT�+2 Q7 Rn Qp2` i?2 `2�Hb- rBi? � #�bBb ;Bp2M #v u1,u2, · · · ,urX

8X "mi bm+? �M �Mbr2` iQ Zm2biBQM URV rBHH #2 ǵT`�+iB+�HHv mb2H2bbǶ mMH2bb i?2 ǵT`�+iB+�HǶ [m2biBQM #2HQr +�M #2 �/2[m�i2Hv
�Mbr2`2/,ě
Zm2biBQM UkVX
:Bp2M p +QHmKM p2+iQ`b u1,u2, · · · ,uq r?B+? �`2 MQi M2+2bb�`BHv HBM2�`Hv BM/2T2M/2Mi BM i?2 }`bi TH�+2,ě

U�V >Qr iQ ǵ2ti`�+iǶ bQK2 Q7 i?2K r?B+? �`2 i?2Kb2Hp2b HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�Hb �M/ r?B+? bT�M i?2
Qi?2`b �b HBM2�` +QK#BM�iBQMb Q7 i?2K Qp2` i?2 `2�Hb\

U#V �M/ ?Qr iQ /Q Bi K2i?Q/B+�HHv �M/ 2{+B2MiHv- B7 Bi +�M #2 /QM2 �i �HH\

eX �Mbr2` iQ Zm2biBQM UkVX
�M �/2[m�i2 �Mbr2` iQ Zm2biBQM UkV Bb T`QpB/2/ #v i?2 i?2Q`2iB+�H `2bmHi #2HQrX Aib T`QQ7 Bb T`QpB/2/ BM i?2 �TT2M/BtX
h?2Q`2K URVX UǵJBMBK�H bT�MMBM; b2iǶ �M/ /BK2MbBQM 7Q` � bT�M Q7 b2p2`�H +QHmKM p2+iQ`bXV
G2i u1,u2, · · · ,uq ∈ Rn- �M/ W = aT�M({u1,u2, · · · ,uq})X
.2}M2 U = [ u1 u2 · · · uq ]- �M/ /2MQi2 i?2 `�MF Q7 U #v rX
h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě

U�V dim(W) = rX
U#V 6`QK MQr QM bmTTQb2 r ≥ 1X

amTTQb2 U ! Bb � `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ U - �M/ bmTTQb2 i?2 TBpQi +QHmKMb Q7 U !- 7`QK
H27i iQ `B;?i- �`2 i?2 d1@i?- d2@i?- XXX- dr@i? +QHmKMb Q7 U !X
h?2M ud1 ,ud2 , · · · ,udr +QMbiBimi2 � #�bBb 7Q` W Qp2` i?2 `2�HbX

U+V amTTQb2 U ′ Bb i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ U X
6Q` 2�+? j = 1, 2, · · · , q- /2MQi2 i?2 j@i? +QHmKM Q7 U ′ #v u′

j - �M/ /2MQi2 i?2 }`bi r 2Mi`B2b- 7`QK i?2 iQT
/QrMr�`/b- #v u′

j #v α1j ,α2j , · · · ,αrj X
amTTQb2 i?2 k@i? +QHmKM Q7 U ′ Bb � 7`22 +QHmKM BM U ′X
h?2M uk = α1kud1 + α2kud2 + · · ·+ αrkudr X

_2K�`F QM i2`KBMQHQ;vX AM i?2 +QMi2ti Q7 h?2Q`2K URV- i?2 b2i Q7 +QHmKM p2+iQ`b

{ud1 ,ud2 , · · · ,udr},

M�K2/ BM T�`i U#V Q7 i?2 +QM+HmbBQM- Bb +�HH2/ � KBMBK�H bT�MMBM; b2i 7Q` W 2ti`�+i2/ 7`QK u1,u2, · · · ,uqX

Ç Ai Bb ǵbT�MMBM;Ƕ BM i?2 b2Mb2 i?�i mbBM; ud1 ,ud2 , · · · ,udr �HQM2 7Q` 7Q`KBM; HBM2�` +QK#BM�iBQMb- r2 +�M biBHH
Q#i�BM 2p2`v +QHmKM p2+iQ` r?B+? Bb bT�MM2/ #v u1,u2, · · · ,uqX

Ç Ai Bb ǵKBMBK�HǶ BM i?2 b2Mb2 i?�i BM Q`/2` iQ #2 �#H2 iQ Q#i�BM �HH +QHmKM p2+iQ`b i?�i +�M #2 bT�MM2/ #v
u1,u2, · · · ,uq- r2 Kmbi MQi 7m`i?2` ǵ2t+Hm/2Ƕ �Mv QM2 �KQM;bi ud1 ,ud2 , · · · ,udr X

dX ǵ�H;Q`Bi?KǶ �bbQ+B�i2/ rBi? h?2Q`2K URVX
G2i u1,u2, · · · ,uq ∈ Rn- �M/ W = aT�M ({u1,u2, · · · ,uq})X q2 �`2 ;QBM; iQ /2i2`KBM2 i?2 /BK2MbBQM Q7 W- �M/
Q#i�BM � #�bBb 7Q` W r?B+? Bb � KBMBK�H bT�MMBM; b2i 2ti`�+i2/ 7`QK u1,u2, · · · ,uqX
ai2T UyVX AMbT2+i u1,u2, · · · ,uqX
A7 i?2v �`2 �HH x2`Q p2+iQ`b- /2+H�`2 dim(W) = 0 �M/ biQTX
Pi?2`rBb2 ;Q iQ ai2T URVX
ai2T URVX 6Q`K i?2 K�i`Bt U = [ u1 u2 · · · uq ]X :Q iQ ai2T UkVX
ai2T UkVX P#i�BM � `Qr@2+?2HQM 7Q`K U ! r?B+? Bb `Qr@2[mBp�H2Mi iQ U X :Q iQ ai2T UjVX
ai2T UjVX AMbT2+i i?2 K�i`Bt U !X _2�/ Qz Bib `�MF r- �M/ B/2MiB7v Bib TBpQi +QHmKMbX
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*QM+Hm/2 i?�i dim(W) = rX
hQ Q#i�BM � #�bBb 7Q` W r?B+? Bb � KBMBK�H bT�MMBM; b2i 2ti`�+i2/ 7`QK u1,u2, · · · ,uq- ;Q iQ bi2T U9VX

ai2T U9VX G�#2H i?2 TBpQi +QHmKMb Q7 U !- 7`QK H27i iQ `B;?i- #v d1, d2, · · · , drX
*QM+Hm/2 i?�i ud1 ,ud2 , · · · ,udr +QMbiBimi2 � #�bBb 7Q` W r?B+? Bb � KBMBK�H bT�MMBM; b2i 2ti`�+i2/ 7`QK u1,u2, · · · ,uqX
hQ FMQr ?Qr 2�+? Q7 i?2 Qi?2` +QHmKM p2+iQ`b �KQM;bi u1,u2, · · · ,uq Bb 2tT`2bb2/ �b � HBM2�` +QK#BM�iBQM Q7
ud1 ,ud2 , · · · ,udr - ;Q iQ ai2T U8VX
ai2T U8VX P#i�BM i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ U ! �M/ iQ U X
amTTQb2 k Bb #2ir22M 1 �M/ q- �M/ Bb MQi �KQM;bi d1, d2, · · · , drX
_2�/ Qz 7`QK i?2 k@i? +QHmKM Q7 U ′ i?2 }`bi r 2Mi`B2b- 7`QK i?2 iQT /QrMr�`/b- �b α1k,α2k, · · · ,αrkX
*QM+Hm/2 i?�i uk = α1kud1 + α2kud2 + · · ·+ αrkudr X

3X 1t�KTH2 URVX UAHHmbi`�iBQMb QM i?2 �H;Q`Bi?K �bbQ+B�i2/ iQ h?2Q`2K URVXV

U�V G2i u1 =

[
0
−1
2

]
,u2 =

[
1
−2
7

]
,u3 =

[
−2
3

−12

]
- �M/ W = aT�M ({u1,u2,u3})X

q2 r�Mi iQ }M/ � #�bBb 7Q` W r?B+? Bb � KBMBK�H bT�MMBM; b2i 2ti`�+i2/ 7`QK u1,u2,u3X
.2}M2 U = [ u1 u2 u3 ]X
q2 Q#i�BM i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U =

[
0 1 −2
−1 −2 3
2 7 −12

]
−→ · · · · · · · · · −→ U ′ =

[
1 0 1
0 1 −2
0 0 0

]
.

h?2 `�MF Q7 U ′ Bb 2- �M/ i?2 TBpQi +QHmKMb �`2 i?2 1@bi �M/ 2@M/ +QHmKMbX
>2M+2 dim(W) = 2X
� #�bBb 7Q` W Bb +QMbiBimi2/ #v u1,u2X
�b � #QMmb- r2 �HbQ Q#i�BM i?2 p2+iQ` 2[m�HBiv u3 = u1 − 2u2X

U#V G2i u1 =

[
0
1
−2

]
,u2 =

[
1
2
−1

]
,u3 =

[
1
3
−3

]
,u4 =

[
2
2
3

]
,u5 =

[
2
3
1

]
,u6 =

[
2
4
3

]
- �M/ W = aT�M ({u1,u2,u3,u4,u5,u6})X

q2 r�Mi iQ }M/ � #�bBb 7Q` W r?B+? Bb � KBMBK�H bT�MMBM; b2i 2ti`�+i2/ 7`QK u1,u2,u3,u4,u5,u6X
.2}M2 U = [ u1 u2 u3 u4 u5 u6 ]X
q2 Q#i�BM i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U =

[
0 1 1 2 2 2
1 2 3 2 3 4
−2 −1 −3 3 1 3

]
−→ · · · · · · · · · −→ U ′ =

[
1 0 1 0 1 10
0 1 1 0 0 −8
0 0 0 1 1 5

]
.

h?2 `�MF Q7 U ′ Bb 3- �M/ i?2 TBpQi +QHmKMb �`2 i?2 1@bi- 2@M/- �M/ 4@i? +QHmKMbX
>2M+2 dim(W) = 3X
� #�bBb 7Q` W Bb +QMbiBimi2/ #v u1,u2,u4X
�b � #QMmb- r2 �HbQ Q#i�BM i?2 p2+iQ` 2[m�HBiB2b u3 = u1 + u2- u5 = u1 + u4- �M/ u6 = 10u1 − 8u2 + 5u4X

U+V G2i u1 =




1
3
−4
1



- u2 =




−1
−2
3
2



- u3 =




2
6
−7
0



 - u4 =




−7
−18
23
7



- u5 =




−23
−55
73
33



 - �M/ W = aT�M({u1,u2,u3,u4,u5})X

q2 r�Mi iQ }M/ � #�bBb 7Q` W r?B+? Bb � KBMBK�H bT�MMBM; b2i 2ti`�+i2/ 7`QK u1,u2,u3,u4,u5X
.2}M2 U = [ u1 u2 u3 u4 u5 ]X
q2 }M/ i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U =




1 −1 2 −7 −23
3 −2 6 −18 −55
−4 3 −7 23 73
1 2 0 7 33



 −→ · · · · · · · · · −→ U ′ =




1 0 0 0 1
0 1 0 0 2
0 0 1 0 3
0 0 0 1 4



.

h?2 `�MF Q7 U ′ Bb 4- �M/ i?2 TBpQi +QHmKMb �`2 i?2 1@bi- 2@M/- 3@`/- �M/ 4@i? +QHmKMbX
>2M+2 dim(W) = 4X Uq2 7m`i?2` FMQr i?�i dim(W) = R4XV
� #�bBb 7Q` W Bb +QMbiBimi2/ #v u1,u2,u3,u4X
�b � #QMmb- r2 �HbQ Q#i�BM i?2 p2+iQ` 2[m�HBiv u4 = u1 + 2u2 + 3u3 + 4u4X
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U/V G2i u1 =




1
1
2
−1



- u2 =




3
3
6
−3



- u3 =




1
2
1
−3



- u4 =




−2
−3
−2
1



- u5 =




1
−3
10
−5



- u6 =




−3
−4
−3
−1



- �M/

W = aT�M({u1,u2,u3,u4,u5,u6})X
q2 r�Mi iQ }M/ � #�bBb 7Q` W r?B+? Bb � KBMBK�H bT�MMBM; b2i 2ti`�+i2/ 7`QK u1,u2,u3,u4,u5,u6X
.2}M2 U = [ u1 u2 u3 u4 u5 u6 ]X
q2 }M/ i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K U ′ r?B+? Bb `Qr@2[mBp�H2Mi iQ U ,

U =




1 3 1 −2 1 −3
1 3 2 −3 −3 −4
2 6 1 −2 10 −3
−1 −3 −3 1 −5 −1



 −→ · · · · · · · · · −→ U ′ =




1 3 0 0 9 0
0 0 1 0 0 1
0 0 0 1 4 2
0 0 0 0 0 0



.

h?2 `�MF Q7 U ′ Bb 3- �M/ i?2 TBpQi +QHmKMb �`2 i?2 1@bi- 3@`/- �M/ 4@i? +QHmKMbX
>2M+2 dim(W) = 3X
� #�bBb 7Q` W Bb +QMbiBimi2/ #v u1,u3,u4X
�b � #QMmb- r2 �HbQ Q#i�BM i?2 p2+iQ` 2[m�HBiB2b u2 = 3u1- u5 = 9u1 + 4u4- �M/ u6 = u3 + 2u4X

NX h?2Q`2K URV rBHH #2 �TTHB2/ BM i?2 T`QQ7 Q7 bQK2 BKTQ`i�Mi i?2Q`2iB+�H `2bmHib �#Qmi i?2 `�MF Q7 K�i`B+2bX PM2 Q7
i?2K rBHH #2 BMi`Q/m+2/ b?Q`iHvX
hQ T`2T�`2 i?2 r�v 7Q` 7Q`KmH�iBM; i?2b2 `2bmHib- r2 M22/ iQ BMi`Q/m+2 bQK2 M2r +QM+2Tib }`biX h?2v �`2 #mBHi mTQM
i?2 MQiBQM Q7 bT�MX
.2}MBiBQMX U*QHmKM bT�+2 �M/ `Qr bT�+2 7Q` K�i`B+2bXV
G2i A #2 � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX

URV .2MQi2 i?2 +QHmKMb Q7 A- 7`QK H27i iQ `B;?i- #v a1,a2, · · · ,aqX
h?2 +QHmKM bT�+2 Q7 A Bb /2}M2/ iQ #2 aT�M ({a1,a2, · · · ,aq})X Ai Bb /2MQi2/ #v C(A)X

UkV q`Bi2 B = At- �M/ /2MQi2 i?2 +QHmKMb Q7 B- 7`QK H27i iQ `B;?i- #v b1,b2, · · · ,bpX
UaQ b1,b2, · · · ,bp �`2 i?2 i`�MbTQb2b Q7 i?2 `2bT2+iBp2 `Qrb Q7 A 7`QK iQT iQ #QiiQKXV
h?2 `Qr bT�+2 Q7 A Bb /2}M2/ iQ #2 aT�M ({b1,b2, · · · ,bp})X Ai Bb /2MQi2/ #v R(A)X

_2K�`FX AM TH�BM rQ`/b,ě

U�V h?2 +QHmKM bT�+2 Q7 A Bb i?2 bm#bT�+2 Q7 Rq +QMbBbiBM; Q7 i?Qb2 �M/ QMHv i?Qb2 +QHmKM p2+iQ`b r?B+? +�M #2
Q#i�BM2/ �b HBM2�` +QK#BM�iBQMb Q7 i?2 +QHmKMb Q7 AX

U#V h?2 `Qr bT�+2 Q7 A Bb i?2 bm#bT�+2 Q7 Rp +QMbBbiBM; Q7 i?Qb2 �M/ QMHv i?Qb2 +QHmKM p2+iQ`b r?B+? +�M #2
Q#i�BM2/ �b HBM2�` +QK#BM�iBQMb Q7 i?2 i`�MbTQb2b Q7 i?2 `Qrb Q7 AX
"2+�mb2 Q7 i?2 #2?�pBQm` Q7 i?2 ǵi`�MbTQb2 QT2`�iBQMǶ- i?2 `Qr bT�+2 +QMbBbib Q7 i?Qb2 �M/ QMHv i?Qb2 i`�MbTQb2b
Q7 `Qr p2+iQ`b r?B+? +�M #2 Q#i�BM2/ �b HBM2�` +QK#BM�iBQMb Q7 i?2 `Qrb Q7 AX

RyX 1t�KTH2 UkVX UAHHmbi`�iBQM QM +QHmKM bT�+2 �M/ `Qr bT�+2 7Q` MQM@b[m�`2 K�i`B+2bXV

G2i A =




1 3 1 −2 1 −3
1 3 2 −3 −3 −4
2 6 1 −2 10 −3
−1 −3 −3 1 −5 −1



X

U�V h?2 +QHmKMb Q7 A- 7`QK H27i iQ `B;?i- �`2 ;Bp2M #v

a1 =




1
1
2
−1



 ,a2 =




3
3
6
−3



 ,a3 =




1
2
1
−3



 ,a4 =




−2
−3
−2
1



 ,a5 =




1
−3
10
−5



 ,a6 =




−3
−4
−3
−1



 .

UaQ A = [ a1 a2 a3 a4 a5 a6 ]XV
h?2M C(A) = aT�M ({a1,a2,a3,a4,a5,a6})X
ULQi2 i?�i C(A) Bb � bm#bT�+2 Q7 R4 Qp2` i?2 `2�HbXV

U#V q`Bi2 B = AtX h?2 +QHmKMb Q7 B- 7`QK H27i iQ `B;?i- �`2 ;Bp2M #v

b1 =





1
3
1
−2
1
−3




,b2 =





1
3
1
−2
1
−3




,b3 =





1
3
2
−3
−3
−4




,b4 =





−1
−3
−3
1
−5
−1




.
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UaQ At = B = [ b1 b2 b3 b4 ]- A = Bt =





bt
1

bt
2

bt
3

bt
4



XV

h?2M R(A) = aT�M ({b1,b2,b3,b4})X
ULQi2 i?�i R(A) Bb � bm#bT�+2 Q7 R6 Qp2` i?2 `2�HbXV

RRX .BbiBM+iBQM #2ir22M +QHmKM bT�+2 �M/ `Qr bT�+2 7Q` �M �`#Bi`�`v K�i`BtX
1t�KTH2 UkV `2KBM/b mb i?�i i?2 +QHmKM bT�+2 �M/ i?2 `Qr bT�+2 Q7 � MQM@b[m�`2 K�i`Bt �`2 M2+2bb�`BHv /BbiBM+i
7`QK 2�+? Qi?2` �b b2ibX h?2v �`2 MQi 2p2M ǵ+QKT�`�#H2Ƕ #2+�mb2 i?2v �`2 bm#bT�+2b Q7 /BbiBM+i RnǶbX
1t�KTH2 UjV i2HHb mb i?�i 2p2M 7Q` � b[m�`2 K�i`Bt- Bib +QHmKM bT�+2 �M/ Bib `Qr bT�+2 +�M #2 /Bz2`2Mi b2ib- �M/
b?QmH/ #2 /BbiBM;mBb?2/ 7`QK 2�+? Qi?2`X

RkX 1t�KTH2 UjVX UAHHmbi`�iBQM QM +QHmKM bT�+2 �M/ `Qr bT�+2 7Q` b[m�`2 K�i`B+2bXV

G2i A =




1 0 0 1
0 2 0 1
0 0 3 1
0 0 0 0



X

U�V LQi2 i?�i H�bi +QHmKM Q7 A Bb � HBM2�` +QK#BM�iBQM Q7 i?2 }`bi i?`22 +QHmKMb Q7 AX
h?2M r2 ?�p2

C(A) = aT�M({




1
0
0
0



 ,




0
2
0
0



 ,




0
0
3
0



 ,




1
1
1
0



}) = aT�M({




1
0
0
0



 ,




0
2
0
0



 ,




0
0
3
0



})

X
LQi2 i?�i 2p2`v +QHmKM p2+iQ` #2HQM;BM; iQ C(A) rBHH ?�p2 0 �b Bib H�bi 2Mi`vX

U#V LQi2 i?�i i?2 H�bi `Qr Q7 A Bb � HBM2�` +QK#BM�iBQM Q7 i?2 }`bi i?`22 `Qrb Q7 AX
h?2M r2 ?�p2

R(A) = aT�M({




1
0
0
1



 ,




0
2
0
1



 ,




0
0
3
1



 ,




0
0
0
0



}) = aT�M({




1
0
0
1



 ,




0
2
0
1



 ,




0
0
3
1



}).

LQi2 i?�i




1
0
0
1



 #2HQM;b iQ R(A)- �M/ /Q2b MQi #2HQM; iQ C(A)X

>2M+2 R(A) �M/ C(A) �`2 MQi 2[m�H iQ 2�+? Qi?2` �b b2ib U�M/ ?�p2 MQ +?�M+2 Q7 #2BM; i?2 b�K2 bm#bT�+2 Q7
R4 Qp2` i?2 `2�HbVX

RjX q2 MQr bi�i2 � 72r i?2Q`2iB+�H `2bmHib +QM+2`M2/ rBi? +QHmKM bT�+2 �M/ `Qr bT�+2 7Q` K�i`B+2b- MQi bi`B+iHv �++Q`/BM;
iQ i?2 ǵHQ;B+�H Q`/2`Ƕ UBM r?B+? QM2 Bb mb2/ BM i?2 T`QQ7 Q7 i?2 Qi?2`VX

R9X h?2 KQbi BKTQ`i�Mi `2bmHi i?�i r2 +�M bi�i2 i?�i r2 +�M bi�i2 rBi? i?2 i2`KBMQHQ;B2b r2 ?�p2 BMi`Q/m+2/ mT iQ i?Bb
TQBMi Bb h?2Q`2K UkVX Ai HBMFb mT irQ F2v MmK#2`b �bbQ+B�i2/ rBi? i?2 b�K2 �`#Bi`�`BHv ;Bp2M K�i`Bt- M�K2Hv i?2
`2bT2+iBp2 /BK2MbBQMb Q7 Bib +QHmKM bT�+2 �M/ Bib `Qr bT�+2- i?`Qm;? `�MF Q7 i?2 ;Bp2M K�i`Bt,ě
h?2Q`2K UkVX U1[m�HBiv �KQM;bi `�MF- ǵ+QHmKM `�MFǶ �M/ ǵ`Qr `�MFǶ 7Q` �M �`#Bi`�`BHv ;Bp2M K�i`BtXV
G2i A #2 �M (n× p)@K�i`Bt rBi? `2�H 2Mi`B2bX
amTTQb2 A Bb Q7 `�MF rX
h?2M dim(C(A)) = r = dim(R(A))X
*QKK2Mi QM i?2 +QMi2Mi Q7 h?2Q`2K UkVX
_2+�HH i?�i C(A) ,R(A) �`2 /BbiBM+i Q#D2+ib- �M/ BM ;2M2`�H BM+QKT�`�#H2 rBi? 2�+? Qi?2`X h?2`2 Bb MQ `2�bQM iQ
2tT2+i i?2B` /BK2MbBQMb iQ #2 i?2 b�K2 �b 2�+? Qi?2`X h?Bb Bb r?v h?2Q`2K UkV Bb ?B;?Hv MQM@i`BpB�HX
_2K�`F QM i2`KBMQHQ;B2bX

Ç h?2 MmK#2` dim(C(A)) Bb p2`v Q7i2M `272``2/ iQ �b i?2 +QHmKM `�MF Q7 AX
Ç h?2M MmK#2` dim(R(A)) Bb p2`v Q7i2M `272``2/ iQ �b i?2 `Qr `�MF Q7 AX

R8X h?2 T`QQ7 Q7 h?2Q`2K UkV Bb T`QpB/2/ BM i?2 �TT2M/BtX Aib `2HB2b QM h?2Q`2K URV- �M/ i?2 Qi?2` i?2Q`2iB+�H `2bmHib
�#Qmi i?2 MQiBQM Q7 `Qr bT�+2 �M/ +QHmKM bT�+2 i?�i r2 �`2 ;QBM; iQ bi�i2 #2HQrX
1t�KTH2 U9V K�v b2`p2 �b ǵ2pB/2M+2Ƕ BM bmTTQ`i Q7 h?2Q`2K UkV- UT`QpB/2/ r2 i`mbi i?2 p�HB/Biv Q7 h?2Q`2K URVVX
1t�KTH2 U9VX Uǵ1pB/2M+2Ƕ BM bmTTQ`i Q7 h?2Q`2K UkVXV
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U�V G2i A =




1 0 0 1
0 2 0 1
0 0 3 1
0 0 0 0



X

q2 �TTHv h?2Q`2K URV iQ 2p�Hm�i2 i?2 `2bT2+iBp2 /BK2MbBQMb Q7 i?2 +QHmKM bT�+2 �M/ i?2 `Qr bT�+2 Q7 AX
A Bb `Qr@2[mBp�H2Mi iQ i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′,ě

A −−−−−→ · · · −−−−−→ A′ =




1 0 0 1
0 1 0 1/2
0 0 1 1/3
0 0 0 0



.

>2M+2 i?2 `�MF Q7 A Bb 3X
h?2`2 �`2 i?`22 TBpQi +QHmKMb BM A′- M�K2Hv- i?2 1@bi- 2@M/- 3@`/ +QHmKMb Q7 A′X

BX "v /2}MBiBQM- C(A) Bb i?2 bT�M Q7 i?2 +QHmKMb Q7 AX h?2M- #v h?2Q`2K URV- � #�bBb 7Q` C(A) Bb ;Bp2M #v
i?2 1@bi- 2@M/- 3@`/ +QHmKMb Q7 AX
>2M+2 dim(C(A)) = 3X

BBX q2 ?�p2 i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb DQBMBM; B = At rBi? i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K B′ r?B+? Bb
`Qr@2[mBp�H2Mi iQ B,

B = At =




1 0 0 0
0 2 0 0
0 0 3 0
1 1 1 0



 −−−−−→ · · · −−−−−→




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0





h?2 `�MF Q7 B′ Bb 3X
h?2`2 �`2 i?`22 TBpQi +QHmKMb BM B′- M�K2Hv- i?2 1@bi- 2@M/- 3@`/ +QHmKMb Q7 B′X
"v /2}MBiBQM- R(A) Bb i?2 bT�M Q7 i?2 +QHmKMb Q7 AtX h?2M- #v h?2Q`2K URV- � #�bBb 7Q` R(A) Bb ;Bp2M #v
i?2 1@bi- 2@M/- 3@`/ +QHmKMb Q7 AtX
>2M+2 dim(R(A)) = 3X

U#V G2i A =




1 3 1 −2 1 −3
1 3 2 −3 −3 −4
2 6 1 −2 10 −3
−1 −3 −3 1 −5 −1



X

q2 �TTHv h?2Q`2K URV iQ 2p�Hm�i2 i?2 `2bT2+iBp2 /BK2MbBQMb Q7 i?2 +QHmKM bT�+2 �M/ i?2 `Qr bT�+2 Q7 AX
A Bb `Qr@2[mBp�H2Mi iQ i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′,ě

A −−−−−→ · · · −−−−−→ A′ =




1 3 0 0 9 0
0 0 1 0 0 1
0 0 0 1 4 2
0 0 0 0 0 0



.

>2M+2 i?2 `�MF Q7 A Bb 3X
h?2`2 �`2 i?`22 TBpQi +QHmKMb BM A′- M�K2Hv- i?2 1@bi- 3@`/- 4@i? +QHmKMb Q7 A′X

BX "v /2}MBiBQM- C(A) Bb i?2 bT�M Q7 i?2 +QHmKMb Q7 AX h?2M- #v h?2Q`2K URV- � #�bBb 7Q` C(A) Bb ;Bp2M #v
i?2 1@bi- 3@`/- 4@i? +QHmKMb Q7 AX
>2M+2 dim(C(A)) = 3X

BBX q2 ?�p2 i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb DQBMBM; B = At rBi? i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K B′ r?B+? Bb
`Qr@2[mBp�H2Mi iQ B,

B = At =





1 1 2 −1
3 3 6 −3
1 2 1 −3
−2 −3 −2 1
1 −3 10 −5
−3 −4 −3 −1




−−−−−→ · · · −−−−−→





1 0 0 10
0 1 0 −5
0 0 1 −3
0 0 0 0
0 0 0 0
0 0 0 0





h?2 `�MF Q7 B′ Bb 3X
h?2`2 �`2 i?`22 TBpQi +QHmKMb BM B′- M�K2Hv- i?2 1@bi- 2@M/- 3@`/ +QHmKMb Q7 B′X
"v /2}MBiBQM- R(A) Bb i?2 bT�M Q7 i?2 +QHmKMb Q7 AtX h?2M- #v h?2Q`2K URV- � #�bBb 7Q` R(A) Bb ;Bp2M #v
i?2 1@bi- 2@M/- 3@`/ +QHmKMb Q7 AtX
>2M+2 dim(R(A)) = 3X

ReX h?2 `2bmHi #2HQr- G2KK� UjV- 7QHHQrb BKK2/B�i2Hv 7`QK i?2 /2}MBiBQMb 7Q` i?2 MQiBQMb Q7 b2i 2[m�HBiv- +QHmKM bT�+2
�M/ `Qr bT�+2X Aib T`QQ7 Bb �HKQbi �M 2�bv rQ`/@;�K2- �M/ Bb i?2`27Q`2 H27i �b �M 2t2`+Bb2X
G2KK� UjVX
amTTQb2 A Bb � (p× q)@K�i`Bt rBi? `2�H 2Mi`B2bX h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě
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U�V C(At) = R(A)- �M/ C(A) = R(At)X

U#V BX C(A) =
{
y ∈ Rp h?2`2 2tBbi bQK2 t ∈ Rq bm+? i?�i y = AtX

}
X

BBX R(A) =
{
x ∈ Rq h?2`2 2tBbi bQK2 s ∈ Rp bm+? i?�i xt = stAX

}
X

_2K�`FX AM i?2 �`;mK2Mi 7Q` T�`i U#V- r2 M22/ iQ mb2 i?2 ǵ/B+iBQM�`vǶ #2ir22M HBM2�` +QK#BM�iBQMb �M/ K�i`Bt@
p2+iQ` T`Q/m+iX

RdX h?2Q`2K U9V Bb +QM+2`M2/ rBi? i?2 BMi2`�+iBQM #2ir22M i?2 MQiBQM Q7 +QHmKM bT�+2 7Q` K�i`B+2b �M/ i?�i Q7 H27i@
KmHiBTHB+�iBQM #v BMp2`iB#H2 K�i`B+2bX Aib T`QQ7 Bb T`QpB/2/ BM i?2 �TT2M/BtX
h?2Q`2K U9VX
G2i A,B #2 K�i`B+2b rBi? n `Qrb �M/ rBi? `2�H 2Mi`B2bX
amTTQb2 H Bb �M BMp2`iB#H2 (n × n)@b[m�`2 K�i`Bt rBi? `2�H 2Mi`B2bX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv
2[mBp�H2Mi,ě

URV C(A) = C(B)X
UkV C(HA) = C(HB)X

R3X *QKK2Mi QM i?2 +QMi2Mi Q7 h?2Q`2K U9VX
q2 +�M `2@BMi2`T`2i i?2 +QMi2Mi Q7 h?2Q`2K U9V BM i2`Kb Q7 `Qr@2[mBp�H2M+2 �M/ `Qr QT2`�iBQMb- i?`Qm;? i?2 ǵ/B+@
iBQM�`vǶ #2ir22M �TTHB+�iBQM Q7 b2[m2M+2b Q7 `Qr QT2`�iBQMb �M/ H27i@KmHiBTHB+�iBQM #v BMp2`iB#H2 b[m�`2 K�i`B+2b,ě

amTTQb2 A,B �`2 `2bT2+iBp2Hv `Qr@2[mBp�H2Mi iQ Ã, B̃ mM/2` i?2 b�K2 b2[m2M+2 Q7 `Qr QT2`�iBQMb- �M/ �HbQ bmTTQb2
C(A) = C(B)X

h?2M �b � +QMb2[m2M+2- C
(
Ã
)
= C

(
B̃
)

X

RNX h?2Q`2K U8V Bb +QM+2`M2/ rBi? i?2 BMi2`�+iBQM #2ir22M i?2 MQiBQM Q7 +QHmKM bT�+2 7Q` K�i`B+2b �M/ i?�i Q7 `B;?i@
KmHiBTHB+�iBQM #v BMp2`iB#H2 K�i`B+2bX
h?2Q`2K U8VX
G2i B #2 � K�i`Bt rBi? n +QHmKMb �M/ rBi? `2�H 2Mi`B2b- �M/ G #2 �M (n× n)@b[m�`2 K�i`Bt rBi? `2�H 2Mi`B2bX
amTTQb2 G BM BMp2`iB#H2X h?2M C(B) = C(BG)X
_2K�`FX h?2 T`QQ7 Q7 h?2Q`2K UV Bb T`QpB/2/ BM i?2 �TT2M/BtX GBF2 i?2 T`QQ7 Q7 h?2Q`2K UV- i?Bb Bb �HbQ �M
2t2`+Bb2 QM i?2 /2}MBiBQM 7Q` i?2 MQiBQM Q7 b2i 2[m�HBiv �M/ i?�i Q7 BMp2`iB#BHBiv 7Q` b[m�`2 K�i`B+2bX

kyX q2 +�M `2@7Q`KmH�i2 h?2Q`2K U8V BM i2`Kb Q7 `Qr bT�+2bX
h?2Q`2K UeVX U*Q`QHH�`v iQ h?2Q`2K U8VXV
G2i A #2 � K�i`Bt rBi? n `Qrb �M/ rBi? `2�H 2Mi`B2b- �M/ H #2 �M (n× n)@b[m�`2 K�i`Bt rBi? `2�H 2Mi`B2bX
amTTQb2 H BM BMp2`iB#H2X h?2M R(A) = R(HA)X
S`QQ7 Q7 h?2Q`2K UeVX
G2i A #2 � K�i`Bt rBi? n `Qrb �M/ rBi? `2�H 2Mi`B2b- �M/ H #2 �M (n× n)@b[m�`2 K�i`Bt rBi? `2�H 2Mi`B2bX
amTTQb2 H BM BMp2`iB#H2X
LQi2 i?�i At Bb � K�i`Bt rBi? n +QHmKMb �M/ rBi? `2�H 2Mi`B2b- �M/ Ht Bb �M (n×n)@b[m�`2 K�i`Bt rBi? `2�H 2Mi`B2bX
"v G2KK� UjV �M/ h?2Q`2K UeV- r2 ?�p2 R(A) = C(At) = C(AtHt) = C((HA)t) = R(HA)X

kRX *QKK2Mi QM i?2 +QMi2Mi Q7 h?2Q`2K UeVX
q2 +�M `2@BMi2`T`2i i?2 +QMi2Mi Q7 h?2Q`2K UeV BM i2`Kb Q7 `Qr@2[mBp�H2M+2 �M/ `Qr QT2`�iBQMb- i?`Qm;? i?2 ǵ/B+@
iBQM�`vǶ #2ir22M �TTHB+�iBQM Q7 b2[m2M+2b Q7 `Qr QT2`�iBQMb �M/ H27i@KmHiBTHB+�iBQM #v BMp2`iB#H2 b[m�`2 K�i`B+2b,ě

amTTQb2 A Bb `Qr@2[mBp�H2Mi iQ ÃX h?2M �b � +QMb2[m2M+2- R(A) = R
(
Ã
)

X

P` bBKTHv,ě
h?2 `Qr bT�+2 Q7 �M �`#Bi`�`v K�i`Bt `2K�BMb mM+?�M;2/ B``2bT2+iBp2 Q7 r?�i `Qr QT2`�iBQMb �`2 �TTHB2/ QM i?2
K�i`Bt +QM+2`M2/X
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kkX q2 7Q`KmH�i2 i?2 �#Qp2 Q#b2`p�iBQM �b i?2 `2bmHi #2HQrX UJQ`2 7Q`K�HHv r`BiBM; mT i?2 �#Qp2 Q#b2`p�iBQM- r2 ?�p2
i?2 7Q`K�H T`QQ7 Q7 i?2 `2bmHiXV
h?2Q`2K UdVX U*Q`QHH�`v iQ h?2Q`2K UeVXV

G2i A, Ã #2 K�i`B+2b rBi? `2�H 2Mi`B2b Q7 i?2 b�K2 bBx2X

amTTQb2 A Bb `Qr@2[mBp�H2Mi iQ ÃX

h?2M R(A) = R
(
Ã
)

X

kjX h?2Q`2K URV �M/ h?2Q`2K UdV �`2 i?2 K�BM K�+?BM2`v i?�i rBHH #2 mb2/ BM i?2 T`QQ7 Q7 h?2Q`2K UkV- r?B+? Bb
T`QpB/2/ BM i?2 �TT2M/BtX
h?2 2t�KTH2 #2HQr BHHmbi`�i2b i?2 +QMi2Mi Q7 h?2Q`2K UkV �M/ i?2 r�v h?2Q`2K URV �M/ h?2Q`2K UdV �`2 mb2/ BM
i?2 T`QQ7 Q7 h?2Q`2K UkVX
1t�KTH2 U8VX UAHHmbi`�iBQM Q7 i?2 +QMi2Mi Q7 h?2Q`2K UkV �M/ i?2 B/2� BM i?2 T`QQ7 Q7 h?2Q`2K UkVXV

G2i A =




1 3 1 −2 1 −3
1 3 2 −3 −3 −4
2 6 1 −2 10 −3
−1 −3 −3 1 −5 −1



X

LQi2 i?�i A Bb `Qr@2[mBp�H2Mi iQ i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ mM/2` bQK2 b2[m2M+2 Q7 `Qr QT2`�iBQMb,ě

A =




1 3 1 −2 1 −3
1 3 2 −3 −3 −4
2 6 1 −2 10 −3
−1 −3 −3 1 −5 −1



 −→ · · · · · · · · · −→ A′ =




1 3 0 0 9 0
0 0 1 0 0 1
0 0 0 1 4 2
0 0 0 0 0 0



.

LQi2 i?�i i?2 `�MF Q7 A Bb 3X h?2`2 �`2 2t�+iHv,ě

Ç 3 MQM@x2`Q `Qrb BM A′- M�K2Hv- i?2 1@bi- 2@M/- 3@`/ `Qrb Q7 A′X
Ç 3 H2�/BM; QM2b BM A′- M�K2Hv- i?2 (1, 1)@i? 2Mi`v- i?2 (2, 3)@i? 2Mi`v- i?2 (3, 4)@i? 2Mi`v Q7 A′X
Ç 3 TBpQi +QHmKMb BM A′- M�K2Hv- i?2 1@bi- 3@`/- 4@i? +QHmKMb Q7 A′X

U�V .2MQi2 i?2 +QHmKMb Q7 A- 7`QK H27i iQ `B;?i- #v a1,a2,a3,a4,a5,a6X
"v G2KK� UjV- r2 ?�p2 C(A) = aT�M({a1,a2,a3,a4,a5,a6})X
�++Q`/BM; iQ h?2Q`2K URV- a1,a3,a4 +QMbiBimi2 � #�bBb 7Q` aT�M({a1,a2,a3,a4,a5,a6}) Qp2` i?2 `2�HbX
h?2M dim(C(A)) = dim(aT�M({a1,a2,a3,a4,a5,a6})) = 3X

U#V "v h?2Q`2K UdV- r2 ?�p2 R(A) = R(A′)X
q`Bi2 B = (A′)tX h?2 QMHv MQM@x2`Q +QHmKMb Q7 B �`2 Bib }`bi i?`22 +QHmKMb- ;Bp2M #v

b1 =





1
3
0
0
9
0




, b2 =





0
0
1
0
0
1




, b3 =





0
0
0
1
4
2




.

q2 p2`B7v i?�i b1,b2,b3 +QMbiBimi2 � #�bBb 7Q` R(A′) Qp2` i?2 `2�Hb,ě
BX LQi2 i?�i,ě

Ç i?2 }`bi MQM@x2`Q 2Mi`v Q7 b2 Bb bi`B+iHv #2HQr i?2 }`bi MQM@x2`Q 2Mi`v Q7 b1- �M/
Ç i?2 }`bi MQM@x2`Q 2Mi`v Q7 b3 Bb bi`B+iHv #2HQr i?2 }`bi MQM@x2`Q 2Mi`v Q7 b2X

h?2M UrBi? i?BbV r2 /2/m+2 i?�i b1,b2,b3 �`2 HBM2�`Hv BM/2T2M/2Mi Qp2` i?2 `2�HbX
BBX LQr r2 ?�p2- �++Q`/BM; iQ G2KK� UjV �M/ h?2Q`2K U!!V-

R(A′) = C(B) = aT�M({b1,b2,b3,06}) = aT�M({b1,b2,b3}).

Ai 7QHHQrb i?�i b1,b2,b3 +QMbiBimi2 � #�bBb 7Q` R(A′) Qp2` i?2 `2�HbX
>2M+2 dim(R(A)) = dim(R(A′)) = 3X

3


